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SCHWARZ LEMMA FOR THE TETRABLOCK
ARMEN EDIGARIAN AND W LODZIMIERZ ZWONEK
Abstract. We describe all complex geodesics in the tetrablock passing through the origin
thus obtaining the form of all extremals in the Schwarz Lemma for the tetrablock. Some
other extremals for the Lempert function and geodesics are also given. The paper may
be seen as a continuation of the results from [2]. The proofs rely on a necessary form of
complex geodesics in general domains which is also proven in the paper.
1. Introduction and main results
Let us recall two holomorphically invariant families of functions. For a domain D ⊂ Cn,
w, z ∈ D define the Lempert function k˜D as follows
k˜D(w, z) := inf{p(λ1, λ2) : there is f ∈ O(D, D) such that f(λ1) = w, f(λ2) = z}
and the Carathe´odory pseudodistance cD
cD(w, z) := sup{p(F (w), F (z)) : F ∈ O(D,D)},
where O(Ω1,Ω2) denotes the set of all holomorphic mappings Ω1 → Ω2 and p denotes the
Poincare´ distance on the unit disc D. Basic properties and results on both functions as
well as definitions of taut and hyperconvex domains that we use in our paper one may find
in [12].
It is well-known that cD ≤ k˜D on any domain D.
In 1981 L. Lempert proved the following important result (see [13], [12], [8]).
Theorem 1. Let D be a domain in Cn and let {Dj}∞j=1 be a sequence of domains exhausting
D, i.e., D1 ⊂ D2 ⊂ · · · ⊂ D and ∪∞j=1Dj = D. Assume that any Dj is biholomorphic to a
convex domain. Then cD = k˜D.
For more then twenty years in was an open question whether any bounded pseudoconvex
domain D ⊂ Cn such that cD = k˜D can be exhausted by domains biholomorphically
equivalent to a convex domain.
In 2001 J. Agler and N.J. Young introduced the symmetrized bidisc G2 (see [3]), a
domain which turns up in control engineering and produces problems of a function-theoretic
character. In particular, the equality cG2(0, ·) = k˜G2(0, ·) on G2 has been shown in [3]. This
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result was extended later to the identity cG2 ≡ k˜G2 (see [7], [4]). The symmetrized bidisc
and its higher dimensional analogue, the symmetrized polydisc Gn, has been recently
extensively studied (see e.g. [3], [4], [7], [16], [11], [5] and others). It was shown that
G2 cannot be exhausted by domains biholomorphic to convex ones (see [7], [10]). So
symmetrized bidisc delivers a counterexample to the above problem.
In two papers [2] and [18] and in the PhD Thesis [1] the Authors initiated the study of
another domain which also naturally appears in control engineering and produces problems
of a function-theoretic character. The tetrablock is a domain in C3, denoted by E, which
is the image of the Cartan domain RI(2, 2) upon the mapping pi(A) := (a11, a22, detA),
A = (ajk)j,k=1,2 ∈ C2×2. In the paper [2] several equivalent definitions of the domain E are
given. Recall one of them
(1) E = {(z1, z2, z3) ∈ C3 : |z1 − z¯2z3|+ |z2 − z¯1z3|+ |z3|2 < 1}.
It is proven in [2] that the equality between the Carathe´odory distance and the Lempert
function of E with fixed at the origin one of the arguments,
cE(0, ·) = k˜E(0, ·)
holds on E, which suggests that the equality between both functions could hold on E×E.
In our paper we deal with this domain. We find all the solutions of the extremal problem in
the Schwarz Lemma for the tetrablock (in other words all functions f ∈ O(D,E) such that
f(0) = 0 and k˜E(f(0), f(λ)) = p(0, λ), λ ∈ D). Moreover, we find some other k˜E-extremals
and complex geodesics and we make several observations which may lead to the solution
of the problem whether the Lempert Theorem is valid on E.
The equality of the Lempert function and the Caratheodory pseudodistance on a given
domain is closely related to the notion of a complex geodesic. A holomorphic mapping
f : D → D is called a (complex) geodesic if there exists a mapping F : D → D such that
F ◦f is an automorphism of D (without loss of generality, one can assume that F ◦f = idD).
Note that if f : D→ D is a complex geodesic then cD = k˜D on f(D)× f(D).
It is proven in [2] that on the tetrablock complex geodesics passing through the origin
and another, arbitrary, point of E exist. Moreover, for any z ∈ E a geodesic passing
through 0 and z is given. In our paper we give a description of all such geodesics. This
result may be seen as a Schwarz-type Lemma for the tetrablock.
Theorem 2. Let ϕ : D → D¯ be a holomorphic mapping such that ϕ(0) = −C, where
C ∈ [0, 1]. Then for any ω1, ω2 ∈ ∂D the mapping
(2) f(λ) =
(
ω1
ϕ(λ) + C
1 + C
, ω2λ
1 + Cϕ(λ)
1 + C
, ω1ω2λϕ(λ)
)
is a complex geodesic in E. Moreover, any complex geodesic f : D→ E such that f(0) = 0
is (up to a permutation of two first variables) of type (2).
Since the set S := {z ∈ E : z1z2 = z3} is the orbit of 0 of the group AutE (see [2] and
[18]), the above theorem gives the full description of complex geodesics intersecting S.
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In the proof of Theorem 2 the main role is played by a result giving a necessary condition
on complex geodesics in domains with a lot of automorphisms. Similar characterizations
one can find e.g. in [17], [9], see also [12].
Theorem 3. Let D ⊂ Cn be a domain and let f : D → D, F : D → D be holomorphic
mappings such that F ◦ f = idD. Suppose that Φ : (−τ, τ) × D → D, τ > 0, is a C2
mapping with
(1) Φ0 = id, where Φt = Φ(t, ·);
(2) Φt : D → D is a holomorphic mapping.
Then there exists a C ∈ R such that
ψ(λ) = −ψ¯(0)λ2 + iCλ+ ψ(0) for any λ ∈ D,
where
ψ(λ) =
n∑
j=1
∂F
∂zj
(f(λ))γj(f(λ))
and γ = (γ1, . . . , γn) : D → Cn is a vector field on D generated by a family {Φt}|t|<τ , i.e.,
γ(z) = limt→0
Φt(z)−z
t
.
In the paper we also deliver some other k˜E-extremals (which, assuming the equality
k˜E = cE would be complex geodesics) which are essentially different from the ones given
in Theorem 2 (see Corollary 10); we make also some observations which may lead to the
better understanding of the geometry of E.
2. Circular domains and complex geodesics
We start this section with the proof of Theorem 3.
Proof. Fix λ ∈ D \ {0}. Consider functions a(t) = F (Φt(f(λ))) and b(t) = F (Φt(f(0))).
Note that a(0) = λ, a′(0) = ψ(λ), b(0) = 0 and b′(0) = ψ(0).
¿From the Schwarz-Pick lemma (see e.g. [12]) for any t ∈ (−τ, τ) we have∣∣∣ a(t)− b(t)
1− b(t)a(t)
∣∣∣ ≤ |λ| = ∣∣∣ a(0)− b(0)
1− b(0)a(0)
∣∣∣.
Therefore, the function ρ(t) :=
∣∣∣ a(t)−b(t)
1−b(t)a(t)
∣∣∣2 attains its maximum at t = 0 and, therefore,
ρ′(0) = 0. We have
ρ′(0) = 2Re
(
a′(0)a(0)− a(0)b′(0)(1− |a(0)|)2
)
.
From this we get Re
(
ψ(λ)−ψ(0)
λ
+λψ(0)
)
= 0 for any λ ∈ D\{0}. Since ψ is a holomorphic
function on D there exists a constant C ∈ R such that ψ(λ)−ψ(0)
λ
+ λψ(0) = iC. 
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Before we apply Theorem 3 in the proof of Theorem 2 we make some remarks how
this theorem may be applied in the study of complex geodesics in domains with many
symmetries.
The families {Φt} we are going to consider are one-parameter groups of transformations
on circular type domains. Recall thatD ⊂ Cn is (α1, . . . , αn)-circular if (eiα1tz1, . . . , eiαntzn) ∈
D for any (z1, . . . , zn) ∈ D and any t ∈ R. Here α1, . . . , αn ∈ R. For any such a domain we
consider a mapping Φ : R × D → D defined as Φ(t, z) = (eitα1z1, . . . , eitαnzn). Note that
in this case γ(z) = i(α1z1, . . . , αnzn). So, from Theorem 3 we get
Corollary 4. Let D ⊂ Cn be an (α1, . . . , αn)-circular domain and let f : D → D, F :
D → D be holomorphic mappings such that F ◦ f = id. Then there exist constants C ∈ R,
a ∈ C such that
n∑
j=1
αj
∂F
∂zj
(f(λ))fj(λ) = aλ
2 + Cλ+ a for any λ ∈ D.
Now we are giving some examples of applications of our result. Let us start with Rein-
hardt domains, which are seemingly well understood (see [19]). Even in this case we get
new results.
2.1. Reinhardt domains. Recal that a domain D ⊂ Cn is called Reinhardt if it is
(α1, . . . , αn)-circular for any α1, . . . , αn ∈ R.
Corollary 5. Let D ⊂ Cn be a Reinhardt domain and let f : D → D, F : D → D
be holomorphic mappings such that F ◦ f = idD. Then for any j = 1, . . . , n there exist
constants aj ∈ C and Cj ∈ R such that
∂F
∂zj
(f(λ))fj(λ) = ajλ
2 + Cjλ+ aj for any λ ∈ D.
In particular, for any complex geodesic f = (f1, . . . , fn) : D→ D and for any j = 1, . . . , n
the following situation holds: fj has at most one zero in D, fj ≡ 0 or ∂F∂zj (f(·)) ≡ 0.
Note that the example of the bidisc and geodesics of the form f : D ∋ λ→ (λ, b(λ)) ∈ D2
with b ∈ O(D,D), b(0) = 0 shows that there are geodesics such that fj has (even infinitely)
many zeros but fj 6≡ 0.
2.2. The symmetrized bidisc. We call a domain
G2 = {(λ+ µ, λµ) : λ, µ ∈ D}
the symmetrized bidisc (see [3]). Note that the symmetrized bidisc is (1, 2)-circular. The
uniqueness result on geodesics and their complete description in G2 are given in [16] and
[5]. Here, we show how one can use our results to give a simpler proof of the description
of all geodesics in G2 passing through the origin.
Assume that f = (f1, f2) : D → G2 is a complex geodesic such that f(0) = 0. It is
shown in [3] that there exists an ω ∈ ∂D such that F ◦ f = idD, where F (z1, z2) = 2ωz2−z12−ωz1 .
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Note that
∂F
∂z1
(f)f1 =
−2 + 2ω2f2
(2− ωf1)2 f1 and
∂F
∂z2
(f)f2 =
2ω
2− ωf1f2.
and, therefore,
−2 + 2ω2f2(λ)
(2− ωf1(λ))2 f1 + 2
2ω
2− ωf1(λ)f2(λ) = Cλ
for some C ∈ R. Since 2ωf2−f1
2−ωf1 is the identity, we get the equality 2ωf2 = f1 + λ(2 − ωf1)
on D, so the following equality has to be satisfied on D
f 21 (λω
2 − ω − Cλω2) + f1(2− 6λω + 4Cλω) + 4λ(2− C) = 0.
Consequently,
f1(λ) =
−(2− 6λω + 4Cλω)± 2(λω + 1)
2ω(λω − 1− Cλω) , λ ∈ D.
Since f1(0) = 0 we get that f1(λ) =
2(2−C)λ
ωλ(1−C)−1 , and then f2(λ) = λ
λ−ω¯(1−C)
1−λω(1−C) , λ ∈ D. Since
f1(D) ⊂ 2D and f2(D) ⊂ D applying the Schwarz Lemma we get that |2 − C| ≤ 1 and
|1− C| ≤ 1; which gives the condition C ∈ [1, 2]. It is simple to see that this condition is
not only necessary but also sufficient (see e. g. [16] and [5]).
3. Description of complex geodesics of the tetrablock passing through
the origin
Before we present the proof of Theorem 2 let us present some basic properties of the
tetrablock. The properties that we present below are either obvious or come from [2], [1]
or [18].
It is obvious that the permutation of two first variables, i.e. the mapping σ given by the
formula σ(z1, z2, z3) = (z2, z1, z3), is an automorphism of E.
For any ω ∈ ∂E the mapping Fω given by the formula Fω(z) = (ωz1, z2, ωz3), is also an
automorphism of E. Hence, the tetrablock is (1, 0, 1) and (0, 1, 1)-circular.
Recall that z ∈ E iff |Ψη(x)| < 1 for any η ∈ D¯, where
Ψη(z1, z2, z3) =
ηz3 − z2
ηz1 − 1 .
It is quite simple to see that there is a continuous function ρ : E 7→ [0,∞) such that
log ρ is plurisubharmonic and ρ(λz1, λz2, λ
2z3) = |λ|ρ(z) for any z = (z1, z2, z3) ∈ E, λ ∈ C.
This shows that E is a hyperconvex domain; in particular, E is a taut domain, too.
Note also that for any z ∈ E the inequalities |zj| < 1, j = 1, 2, 3, hold.
Proof of Theorem 2. Assume that ϕ, ψ : D → D are holomorphic mappings and that C ∈
[0, 1). Then for any ω1, ω2 ∈ ∂D the mapping
(3) f(λ) =
(
ω1
ϕ(λ) + C
1 + C
, ω2ψ(λ)
1 + Cϕ(λ)
1 + C
, ω1ω2ϕ(λ)ψ(λ)
)
satisfies the inclusion f(D) ⊂ E.
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Indeed, we have
|f1 − f2f3| =
∣∣∣ϕ+ C
1 + C
− ψ1 + Cϕ
1 + C
ϕψ
∣∣∣ = |ϕ(1− |ψ|2) + C(1− |ϕ|2|ψ|2)|
1 + C
,
|f2 − f1f3| =
∣∣∣ψ1 + ϕC
1 + C
− ϕ+ C
1 + C
ϕψ
∣∣∣ = |ψ|(1− |ϕ|2)
1 + C
Hence,
|f1 − f 2f3|+ |f2 − f 1f3|+ |f3|2 ≤
|ϕ|(1− |ψ|2) + C(1− |ϕ|2|ψ|2)
1 + C
+
|ψ|(1− |ϕ|2)
1 + C
+ |ϕ|2|ψ|2 < 1.
Note that Ψω1 ◦ f(λ) = ω2ψ(λ). Hence, if ψ is an automorphism then f is a complex
geodesic. In particular, the sufficient part of Theorem 2 is proven (the case C = 1 and
ϕ ≡ −1, which formally is not covered by the above reasoning, is simple).
Take now any geodesic f ∈ O(D,E) such that f(0) = 0. It follows from [2] there is an
ω ∈ ∂D such that Φ ◦ ϕ is a rotation, where Φ = Ψω or Φ = Ψω ◦ σ. Since σ and Fω are
automorphisms of E we easily arrive at the following statement. In order to show that all
geodesics of E with f(0) = 0 are of the form given in the theorem it is sufficient to show
that all geodesics f ∈ O(D,E) with f(0) = 0 such that Ψ1 ◦ f are as in the theorem.
So, take F = Ψ1. We are going to find necessary form of all right inverses f : D→ E of
F (for a while we assume that f(0) may take any value in E). Note that ∂F
∂z1
= z2−z3
(z1−1)2 and
∂F
∂z3
= 1
z1−1 . Hence, in view of Corollary 4 there exist constants a ∈ C and C ∈ R such that
(4)
f1(λ)f2(λ)− f3(λ)
(f1(λ)− 1)2 = aλ
2 + Cλ+ a.
Since f is the right inverse of F , we have f3(λ)− f2(λ) = λ(f1(λ)− 1), λ ∈ D. From this
and (4) we get{
f1(λ) = (f3(λ) + aλ
2 + Cλ+ a)/(aλ2 + (C + 1)λ+ a)
f2(λ) = (f3(λ)(aλ
2 + Cλ+ a) + λ2)/(aλ2 + (C + 1)λ+ a).
But f1(0) = f3(0) = 0 so a = 0 and, therefore,

f1(λ) = (ϕ(λ) + C)/(C + 1)
f2(λ) = λ(ϕ(λ)C + 1)/(C + 1)
f3(λ) = λϕ(λ),
where ϕ : D → C is a holomorphic mapping. Since f1, f2, f3 ∈ O(D,D) and f(0) = 0, we
get that ϕ ∈ O(D, D¯), ϕ(0) = −C. The Schwarz Lemma applied to f2 and f3 gives the
inequalities |C| ≤ 1 and |1− C| ≤ 1, so C ∈ [0, 1]. Hence, we have finished the proof. 
Remark 6. It was shown in [2] that no uniqueness of geodesics (even passing through 0) is
possible in the case of E. This can also be easily seen from Theorem 2. But we may show
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also in a different (simple) way. Namely, consider the following embedding
Φ : D2 ∋ (λ, µ) 7→ (λ, µ, λµ) ∈ E.
Now the inequalities
dD2((λ1, µ1), (λ2, µ2)) ≥ dE((λ1, µ1, λ1µ1), (λ2, µ2, λ2µ2)) ≥ dD2((λ1, µ1), λ2, µ2)),
where d = k˜ or c, together with the equality k˜D2 = cD2 show that
k˜E((λ1, µ1, λ1µ1), (λ2, µ2, λ2µ2)) = cE((λ1, µ1, λ1µ1), (λ2, µ2, λ2µ2))
for any (λ1, µ1), (λ2, µ2) ∈ D2. Moreover, any mapping of the form
D ∋ λ 7→ (a(λ), b(λ), a(λ)b(λ)) ∈ E,
where a, b ∈ O(D,D) and at least one of the functions a, b is an automorphism of D,
is a complex geodesic, which easily delivers non-uniqueness result for geodesics (passing
through 0) - to make it visible consider the functions D ∋ λ 7→ (λ, b(λ), λb(λ)) ∈ E, where
b is an arbitrary function (out of many) from O(D,D) such that b(0) = 0 and b(1
2
) = 1
4
.
In fact, it is easy to see that all the geodesics passing through two points from the set
S = {z ∈ E : z1z2 = z3} = Φ(D2) are of the above form. To see this take two different
points of the form Φ(λ1, µ1),Φ(λ2, µ2) from E. Without loss of generality assume that
p(λ1, λ2) ≥ p(µ1, µ2) and the geodesic f is such that f(λ1) = Φ(λ1, µ1), f(λ2) = Φ(λ2, µ2).
Then Ψω ◦ σ ◦ f, f1 ∈ O(D,D) and both functions map λj into λj , j = 1, 2, which in view
of the Schwarz-Pick Lemma gives that they are both identities, which easily shows the
desired form of f .
Remark 7. Note that the boundary of E contains many non-constant holomorphic discs.
Fix a constant C ∈ [0, 1] and a holomorphic function ϕ ∈ O(D,D). Then it follows from
calculations made in the proof of Theorem 2 that f : D→ ∂E, where
f(λ) =
(
ω1
ϕ(λ) + C
1 + C
, ω2
1 + Cϕ(λ)
1 + C
, ω1ω2ϕ(λ)
)
.
4. The Lempert function of the tetrablock
Note that E ∩ ({0} × C2) = {(0, z, w) : |z| + |w| < 1}. We may calculate the Lempert
function for some special points – note that in the proof of the result below we make use
of k˜E-extremals omitting the special set S.
Proposition 8. For any z, w ∈ D, such that |z|+ |w| < 1 we have
(5) k˜E
(
(0, 0, w), (0, z, w)
)
=
|z|
1− |w| .
Recall that a mapping f ∈ O(D, D) such that k˜D(f(λ1), f(λ2)) = p(λ1, λ2) for some
λ1, λ2 ∈ D is called a k˜D-extremal for (f(λ1), f(λ2)). Recall that if D is taut then for any
w, z ∈ D there is a k˜D-extremal for (w, z). It is easy to see that if f ∈ O(D, D) is such
that f(D) ⊂⊂ D then f is not a k˜D-extremal for any (w, z) ∈ D ×D with w 6= z.
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To prove Proposition 8 we follow the ideas on transportation of k˜-extremals (and complex
geodesics) that may be found in [15], [19] (and references there).
First note that for any f ∈ O(D,E) with the equality f1(0) = f3(0) = 0 the function f˜
given by the formula f˜(λ) := (f1(λ)
λ
, f2(λ),
f3(λ)
λ
), λ ∈ D (certainly here and later we mean
f˜j(0) = f
′
j(0), j = 1, 3), is either from O(D, ∂E) or from O(D,E). Indeed, to see this apply
the maximum principle for subharmonic functions and the plurisubharmonicity of log ρ.
Lemma 9. Let f ∈ O(D,E) be a k˜E-extremal for (f(0), f(σ)), where σ ∈ D \ {0} and
f(0) = (0, x2, 0). Then either f˜(D) ⊂ ∂E or f˜ is a k˜E-extremal for (f˜(0), f˜(σ)).
Proof. We already know that f˜(D) ⊂ ∂E or f˜(D) ⊂ E. Assume that the second property
holds. Suppose that f˜ is not a k˜E-extremal for (f˜(0), f˜(σ)). Then there would exist a
g ∈ O(D,E) such that g(D) ⊂⊂ E, g(0) = f˜(0) and g(σ) = f˜(σ). But then g˜(0) = f(0),
g˜(σ) = f(σ), where g˜(λ) = (λg1(λ), g2(λ), λg3(λ)). But g˜ ∈ O(D,E) and g˜(D) ⊂⊂ E - a
contradiction with the k˜E-extremality of f . 
Corollary 10. Assume that ϕ ∈ O(D,D) is not an automorphism and let ϕ(0) = −C,
where C ∈ (0, 1). Let ω1, ω2 ∈ ∂D. Put f(λ) := (ω1(ϕ(λ)+C)λ(1+C) , ω2λ1+Cϕ(λ)1+C , ω1ω2ϕ(λ)). Then
f is a k˜E-extremal for (f(0), f(σ)), σ ∈ D \ {0}.
Proof. In view of Lemma 9 it is sufficient to see that f(0) =
(
ω1
ϕ′(0)
1+C
, 0,−ω1ω2C
) ∈ E. But
in view of the Schwarz-Pick Lemma (it is important here that ϕ is not an automorphism)
|ϕ′(0)| < 1− C2.

Remark 11. Note that the k˜E-extremals from Corollary 10 omit the set S.
Moreover, substituting ϕ ≡ −C, C ∈ [0, 1) we get k˜E-extremals of the form
(6) f(λ) = (0, λ(1− C),−C), λ ∈ D
Proof of Proposition 8. The proof follows directly from the fact that f(λ) = (0, λ(1 −
C),−C), λ ∈ D is a k˜E-extremal for (f(0), f(λ)). 
5. A remark on Carathe´odory distance of the tetrablock
Define
(7) pE(w, z) := sup{p(Ψω(w),Ψω(w)), p(Ψω(σ(w)),Ψω(σ(z))) : ω ∈ ∂D}, w, z ∈ E.
It is evident that pE ≤ cE. We prove the following
Proposition 12. pE 6≡ cE.
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Proof. Note that for λ ∈ D \ {0}, C ∈ (0, 1) we get
(8) pE((0, 0,−C), (0, λ(1− C),−C)) =
sup{p(ωC, ωC + λ(1− C)), p(ωC, ωC
1− ωλ(1− C)) : ω ∈ ∂D} =
max{p(0, |λ|
1 + C − C|λ|), p(0,
C|λ|
1 + C − |λ|)} = p(0,
|λ|
1 + C − C|λ|).
Consider now the function F (z) := z2√
1+z3−z1z2 , z ∈ E. Note that F ∈ O(D,E) – to see this
write z = pi(A), where A is a symmetric 2 × 2 matrix of the norm smaller than 1. Then
F (z) = a22/
√
1− a212, and now it is sufficient to recall that |a22|2 + |a12|2 < 1.
Consequently, cE((0, 0,−C), (0, λ(1 − C),−C)) ≥ p(0, |λ|
√
1− C) but the last number
is for sufficiently small C ∈ (0, 1) larger than p(0, |λ|
1+C−C|λ|) for small λ. 
Recall that the function pGn – similar in the construction to pE was used while studying
the problem of the Lempert theorem for Gn. Recall that the following (in)equalities hold:
pG2 = cG2 = k˜G2 (see [7], [4]) and pGn ≤ cGn and pGn 6≡ cGn, n ≥ 3 (see [14]). The function
pD (D = E or Gn) or its some generalization to more general domains may have some
connection with the class of magic functions as defined and considered in [6].
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